Abstract. In this paper, we firstly establish an Interpolating curvature invariance between the well known nonnegative and 2-non-negative curvature invariant along the Ricci flow. Then a related strong maximum principle for the (λ1, λ2)-nonnegativity is also derived along Ricci flow. Based on these, finally we obtain a rigidity property of manifolds with (λ1, λ2)-nonnegative curvature operators.
Introduction And The Main Results
One of the basic problems in Riemannian geometry is to relate curvature and topology (see [1] , [2] , [3] and [4] ). In [5] Böhm and Wilking have proved that n-dimensional closed Riemannian manifolds with 2-positive curvature operators are diffeomorphic to spherical space forms, i.e., they admit metrics with constant positive sectional curvature. One of the key points of their theorem is that the 2-positive or 2-nonnegative curvature condition is preserved by the Ricci flow.
Recall that the Riemannian curvature tensor is defined by
The Riemannian curvature operator, denoted by R, is the symmetric bilinear form on Λ 2 T M (or self-adjoint transformation of Λ 2 T M ) defined by R (XΛY, ZΛW ) = R (XΛY ) for arbitrary α = β.
Remark 1. The 2-nonnegative curvature operator is defined in the obvious way with ≥ replacing > in (1) .
In this paper, we will consider a generalization of the 2-nonnegative curvature, which is named as (λ 1 , λ 2 )-nonnegative curvature operator. It relies on three eigenvalues of Riemannian curvature operator R. Let {ω α } N α=1 be an orthonormal basis of eigenvectors of R in so(n) with corresponding eigenvalues µ 1 ≤ µ 2 ≤ · · · ≤ µ N , where N = n (n − 1)/2, and let Λ = {(x, y) ∈ [0, 1] × [0, 1] |0 ≤ y ≤ x ≤ 1, 0 < 1 − (x + y) y ≤ x ≤ 1 } , then as Definition 1.1, the definition of (λ 1 , λ 2 )-nonnegative curvature operator is given as follows: Definition 1.2 ((λ 1 , λ 2 )-nonnegative curvature operator). For any 2 parameters (λ 1 , λ 2 ) ∈ Λ, the curvature operator R is called as one (λ 1 , λ 2 )-nonnegative curvature operator on Riemannian manifold (M n , g) if R ∈ C λ 1 ,λ 2 , where
where C 1,λ 1 ,λ 2 ,α,β,γ (R) = R αα + λ 1 R ββ + λ 2 R γγ ,
is defined in the obvious way with > replacing ≥ in (2) .
Remark 3. It is easy to see that for the fixed λ 1 , let
then we obtain that the (λ 1 , λ 2 )-nonnegative curvature operator turns into nonnegative curvature operator (see Theorem 2.2 for details).
Moreover it turns into 2-nonnegative curvature operator in [5] if λ 1 = 1, λ 2 = 0. In fact this curvature is an Interpolating curvature condition between nonnegative and 2-nonnegative curvature. Actually it can be seen in section 2 that
Remark 4. But the (λ 1 , λ 2 )-nonnegative curvature operator is not always equal to 2-nonnegative curvature. For example,
or more generally when λ 1 > 1 − (λ 1 + λ 2 ) λ 2 , the curvature operator R 11 = −1, R 22 = 1, · · · which satisfies 2-nonnegativity is not (λ 1 , λ 2 )-nonnegativity. Now we formulate one of the main results of this paper as follows:
Remark 5. Since when λ 1 = 1, λ 2 = 0, the (1, 0)-nonnegative curvature operator turns into the well known 2-nonnegative curvature operator defined by Böhm and Wilking in [5] , as a corollary of Theorem 1.3 we obtain the invariance of 2-nonnegative curvature along the Ricci flow again: if the curvature operator R(g(0)) is 2-nonnegative, then for any t ≥ 0 the curvature operator R(g(t)) is also 2-nonnegative.
Moreover by using weak maximum principle for (λ 1 , λ 2 )-nonnegativity, we also derive a useful strong maximum principle for (λ 1 , λ 2 )-nonnegativity:
is also positive everywhere for any 0 < t < T .
Then as a corollary of Theorem 1.4, we also have the following strong maximum principle for (λ 1 , λ 2 )-nonnegativity: 
On the other hand, in [5] Böhm and Wilking also derive a convergence result of 2-positive curvature along the Ricci flow: on a compact manifold the normalized Ricci flow evolves a Riemannian metric with 2-positive curvature operator to a limit metric with constant sectional curvature.
Then by using
which is proved in section 2 we have
Thus by using Theorem 1.4 we derive a convergence result of (λ 1 , λ 2 )-positive curvature along the Ricci flow: The paper is organized as follows. In section 2, we present some preliminaries. In section 3, we prove Theorem 1.3 by directly calculating. In section 4, we prove the strong maximum principle for the (λ 1 , λ 2 )-nonnegativity along Ricci flow. Based on this, we also obtain a rigidity property of manifolds with (λ 1 , λ 2 )-nonnegative curvature operators.
Preliminaries
Recall that for an orthonormal basis {ϕ α } N α=1 of Λ 2 T * M n ∼ = so (n), where so (n) denotes the anti-symmetric matrix algebra and the structure constants for the Lie bracket are given by
So that c
which is anti-symmetric in all 3 components. For the Lie algebra Λ 2 T * M n , let F Λ 2 T M n denote the symmetric bilinear functional on Λ 2 T M n , then we have the following sharp product operator # :
is the the dual orthonormal basis of Λ 2 T M n , A and B are the symmetric bilinear functionals on Λ 2 T M n such that A γδ = A (ϕ γ , ϕ δ ) and B ηθ = B (ϕ η , ϕ θ ), and also let A # denote A#A.
In this paper, we need to use the following famous maximum principle for symmetric 2-tensors proved by Hamilton [7] : Lemma 2.1 (Maximum principle for symmetric 2-tensors). Let g (t) be a smooth 1-parameter family of Riemannian metrics on a closed manifold M n . Let α (t) be a symmetric 2-tensor satisfying
where X (t) is a time-dependent vector field and
is a symmetric 2-tensor which is locally Lipschitz in all its arguments. Suppose β satisfies the null-eigenvector assumption and that if A ij is a nonnegative symmetric 2-tensor at a point (x, t) and if V is a vector such that
A ij V j = 0, then β ij (A, g) V i V j ≥ 0. If α (0) ≥ 0, then α (t) ≥ 0 for all t ≥ 0
as long as the solution exists.
Moreover for the (λ 1 , λ 2 )-nonnegative curvature operator C λ 1 ,λ 2 , we have the following interesting property:
and
Proof. Firstly we prove (3). For any
for arbitrary (λ 1 , λ 2 ) ∈ Λ. Conversely, we consider a fixed λ 1 , since
and for sufficiently large λ 1 2
is sufficiently small. Note that for any R ∈
for arbitrary 1 ≤ α < β ≤ N , which implies that
for the above arbitary λ 1 , λ 2 ∈ Λ. Then let
By using (6) and (7) we complete the proof of (3). Then we prove (4). For any (λ 1 , λ 2 ) ∈ Λ, if R ∈ C λ 1 ,λ 2 we have
By the definition of Λ we have
Conversely, when λ 1 = 1, λ 2 = 0, the (1, 0)-nonnegative curvature operator
By using (8) and (9) we complete the proof of (4). The proof of (5) is similar with the proof of (4). We only need to note
and when λ 1 = 1, λ 2 = 0, the (1, 0)-positive curvature operator
Lemmas And Proof Of Theorem 1.3
In this section, we prove Theorem 1.3. Firstly recall that the following maximum principle established by Hamilton, Chow and Lu (see [6] and [7] ) is very useful in the Ricci flow:
Lemma 3.1 (Maximum principle for convex sets). Let (M n , g (t)) be a solution to the Ricci flow and let K (t) ⊂ E = Λ 2 M n ⊗ S Λ 2 M n be subsets which are invariant under parallel translation and whose intersections K (t) x = K (t) ∩ E x with each fiber are closed and convex. Suppose also that the set
Then we present the following lemma which is used in the proof of Theorem 1.3:
) is a Riemannian manifold, and let C λ 1 ,λ 2 denote the convex cone of (λ 1 , λ 2 )-nonnegative curvature operators. Then
Proof. Note that the convexity and invariance under parallel translation of C λ 1 ,λ 2 are obvious (see [6] ). Hence we only need to show that C λ 1 ,λ 2 is preserved by the ODE dR/dt = R 2 + R # .
Let {ω α } N α=1 be an orthonormal basis of eigenvectors of R in so(n) with corresponding eigenvalues µ 1 (R) ≤ µ 2 (R) ≤ · · · ≤ µ N (R), where N = n (n − 1)/2. If there exists some point x 0 ∈ M n and time t 0 such that µ 1 (R(x 0 , t 0 )) > 0, and note that it is obvious that R 2 + R # satisfies the null-eigenvector assumption (see [6] ), then by using the maximum principle Lemma 2.1 we have
for any (x, t) ∈ M n × [t 0 , T ), which is equivalent to R (t) ≥ 0 when t ≥ t 0 . Then by Theorem 2.2, we have R (t) is (λ 1 , λ 2 )-nonnegative, which completes the proof.
Hence in the proof we only need to consider the time interval such that µ 1 (R(x, t)) ≤ 0. If for this case we can also prove that R (t) is (λ 1 , λ 2 )-nonnegative, then by the discussion before we complete the proof.
Let
for arbitrary t ≥ 0 and 1 ≤ α < β < γ ≤ N . Hence we only need to prove
are preserved by the ODE dR/dt = R 2 +R # . This is equivalent to that R 2 + R # lies inside the tangent cone of the convex cone C λ 1 ,λ 2 for R ∈ ∂C λ 1 ,λ 2 . Thus we only need to prove the following claim:
where
for arbitrary 1 ≤ α < β < γ ≤ N and (λ 1 , λ 2 ) ∈ Λ, then
Proof of Claim 3.3. (i) By calculating
We only need to prove the right part of (10) 
It follows from the definition of Λ that
Since
it follows that c 23 1
Moreover, by the discussion at the beginning of the proof, we only need to consider the time interval such that µ 1 (R(x, t)) ≤ 0. Then it follows from the definition of (λ 1 , λ 2 )-nonnegative curvature operators that we actually have
which is to say β>3 c 3β 1
We also have
Hence (11), (12), (13) and (14) lead to
(ii) Let γ = λ 1 and δ = 1 − (λ 1 + λ 2 ) λ 2 , by calculating
We only need to prove the right part of (15) Proof of Theorem 1.3. By using Lemma 3.1 and 3.2, we can derive directly the weak maximum principle for (λ 1 , λ 2 )-nonnegativity, which completes the proof of Theorem 1.3.
Proof of the Strong Maximum Principle for (λ 1 , λ 2 )-Nonnegativity
Proof of Theorem 1.4. First by Theorem 1.3 we have that R(g(t)) is also (λ 1 , λ 2 )-nonnegative for all t > 0. We will prove (ii) firstly.
Proof of (ii). As the discussion in the proof of Theorem 1.3, we only need to consider the case that (α, β, γ) = (1, 2, 3). Firstly we prove the result for C 1,λ 1 ,λ 2 ,α,β,γ (R). Given a smooth nonnegative function ϕ (x) satisfying
for all x ∈ M n . We also assume that there exists x 0 ∈ M n such that
Let f (x, t) be a solution to
, and definẽ
where ε > 0. Then for A sufficiently large and by the Ricci flow equation, we can prove that (see [6] )
for ε ∈ 0, e −AT . Moreover, when t = 0, if follows that
Then by using the definition of ϕ (x) we have
By using the maximum principle Lemma 2.1 to (16), we can get
for all t > 0. Then taking the limit as ε → 0, we conclude that
On the other hand, since f (x, t) is a solution to the parabolic equation ∂f ∂t = ∆f − Af such that f (x 0 , 0) = ϕ (x 0 ) > 0, by the strong maximum principle for the parabolic equation we have f (x, t) > 0 for arbitrary (x, t) ∈ M n ×(0, T ). Hence
To prove the similar result for C 2,λ 1 ,λ 2 ,α,β (R), we only need to select a smooth nonnegative function ϕ ′ (x) satisfying
for all x ∈ M n and there exists x 1 ∈ M n such that
We can also select a solution to
where ε ′ > 0. Then the left proof is similar to the one for C 1,λ 1 ,λ 2 ,α,β,γ (R).
Proof of (i). If g (0) is (λ 1 , λ 2 )-nonnegative everywhere in M n and (λ 1 , λ 2 )-positive at a point in M n , then by (ii), g(t) is (λ 1 , λ 2 )-positive everywhere for 0 < t < T . Otherwise without loss of generality we only need to consider the case that for some 0 < t 0 < T such that
at point x 0 , then we consider these two cases:
If (17) satisfies, by (ii), we have
. We will prove the following result:
To prove (19), we consider any (x, t) ∈ M n × (0, t 0 ]. Let ω 1 , ω 2 and ω 3 be unit 2-forms at (x, t), which are eigenvectors for R (x, t) corresponding µ 1 (R (x, t)) , µ 2 (R (x, t)) and µ 3 (R (x, t)) respectively. Parallel translate ω 1 , ω 2 , and ω 3 along geodesics emanating from x with respect to g(t) to define ω 1 , ω 2 and ω 3 in a space-time neighborhood of (x, t), where ω 1 , ω 2 and ω 3 are independent of time (see [8] ) . By matrix analysis (see [8] ) we can obtain that for arbitrary (x, t) ∈ M n :
where · denotes the metric for the space Λ 2 T M n . Since the curvature operator R is actually a linear operator of Λ 2 T M n , by using Uhlenbeck trick, we can prove the metric is invariant along the Ricci flow (see [7] for details). This implies that ω 1 , ω 2 and ω 3 are also unit vectors in the spacetime neighborhood of (x, t), then by (20) we have
then it follows that at (x, t):
where to obtain the last inequality we used 
for arbitrary x ′ = x, while at (x, t) is 0. Hence
Since R 2 + R # satisfies the null-eigenvector assumption, then by Theorem 2.1, R (x, t) ≥ 0 is preserved under the Ricci flow, thus we have R (x, t) ≥ 0 for arbitrary (
If (18) satisfies, by (ii), we also have
As the proof of (19) under the condition (17), we consider any (x, t) ∈ M n ×(0, t 0 ]. Let ω 1 and ω 2 be unit 2-forms at (x, t), which are eigenvectors for R (x, t) corresponding µ 1 (R (x, t)) and µ 2 (R (x, t)) respectively. Parallel translate ω 1 and ω 2 along geodesics emanating from x with respect to g(t) to define ω 1 and ω 2 in a space-time neighborhood of (x, t), where ω 1 and ω 2 are independent of time. By matrix analysis we also have
where · also denotes the metric for the space Λ 2 T M n . By the same reason after (20) we also have ω 1 and ω 2 are also unit vectors in the space-time neighborhood of (x, t), then by (21) we have (λ 1 R (ω 1 , ω 1 ) + (1 − (λ 1 + λ 2 ) λ 2 ) R (ω 2 , ω 2 )) (x ′ , t ′ )
for arbitrary (x ′ , t ′ ) ∈ M n × [0, t 0 ]. On the other hand, for arbitrary (x, t) ∈ M n × [0, t 0 ], we have (λ 1 R (ω 1 , ω 1 ) + (1 − (λ 1 + λ 2 ) λ 2 ) R (ω 2 , ω 2 )) (x, t) = λ 1 µ 1 (R (x, t)) + (1 − (λ 1 + λ 2 ) λ 2 ) µ 2 (R (x, t)) = 0 then it follows that at (x, t):
where to obtain the last inequality we used for arbitrary x ′ = x, while at (x, t) is 0. Hence we also derive (19). As the proof of (19) under the condition (17), we obtain R (x, t) ≥ 0 for arbitrary (x, t) ∈ M n × [0, T ).
Let {ω α } N α=1 = {e i Λe j } i<j be an orthonormal basis for so (n), where each α corresponds to a pair (i, j) with i < j. We then present an interesting property of (λ 1 , λ 2 )-nonnegative curvature operators R as following: that is Scal (R) ≥ 0. Hence if Scal (R) = 0, then it follows from (λ 1 , λ 2 )-nonnegative R αα + λ 1 R ββ + λ 2 R γγ ≥ 0 that R αα + λ 1 R ββ + λ 2 R γγ = 0, for all 1 ≤ α < β < γ ≤ N . Since R 11 ≤ 0 ≤ R 22 ≤ · · · ≤ R N N , we have R αα = 0 for any 1 ≤ α ≤ N .
